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1. Introduction
In the ﬁrst part of the book Topological Spaces [3] the theory of topological spaces is developed by considering the closure
operator which need not be idempotent. To distinguish from other closure operators we call such an operator—a Cˇech closure
operator. Thus, an operator u :P(X) → P(X) deﬁned on the power set P(X) of a set X satisfying the axioms:
(C1) u(∅) = ∅,
(C2) A ⊂ u(A) for every A ⊂ X ,
(C3) u(A ∪ B) = u(A) ∪ u(B) for all A, B ⊂ X ,
is called a Cˇech closure operator and the pair (X,u) is a Cˇech closure space. For short, (X,u) will be denoted by X as well,
and called a closure space or a space.
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Cˇech closure function stands for a surjective closure function. In 1947 Eduard Cˇech asked if there exists a closure function
other than identity, which is onto P(X). That problem is solved only recently in ZFC by Galvin and Simon [5].
In general, a Cˇech closure operator is not a Kuratowski closure operator. But many topological notions are deﬁned in the
class of closure spaces by means of neighbourhoods as it is done in topological spaces while interior covers play rôle of the
open ones. See, for example, [3,11,12]. When a Kuratowski closure operator is considered all these notions coincide with the
usual topological ones.
A considerable part of general topology is dedicated to hyperspaces. It was an interesting question for us to investigate
hyperspaces on a Cˇech closure space, to see what topologies could be considered as well as what results are still valid in
this setting. In [13] and [14] we have started that study in view of selection principles and we continue the investigation
focusing on generalized upper and lower Vietoris topologies.
A subset A is closed in (X,u) if u(A) = A holds. It is open if its complement is closed.
The interior operator intu : P(X) → P(X) is deﬁned by means of the closure operator in the usual way: intu = c ◦ u ◦ c,
where c : P(X) → P(X) is the complement operator. A subset U is a neighbourhood of a point x in X if x ∈ intu U holds.
A closure space (X,u) is T1 if for each two distinct points in X the following holds: ({x} ∩ u({y})) ∪ ({y} ∩ u({x})) = ∅
whenever x 
= y. It is equivalent to: every one-point subset of X is closed in (X,u).
A space (X,u) is T2 (Hausdorff) if each two distinct points in X have disjoint neighbourhoods.
All considered spaces are T1.
A collection {Gα} is an interior cover of a set A in (X,u) if the collection {intu Gα} covers A. We suppose that the interior
of every element of an interior cover is non-empty and that each cover is non-trivial, i.e. that the set X does not belong to
the cover.
Compactness property in a closure space was given in [3, Section 41 A]. We recall the equivalent deﬁnition given by
means of interior covers [3, Theorem 41 A.9] and [3, p. 837]. A subset A in a space (X,u) is compact if every interior cover
of A has a ﬁnite subcover (not necessarily interior). There is a compact space such that some interior cover contains no
ﬁnite interior subcover. (See [3, Section 41, Exercise 6(a)].)
If instead of interior covers the subcollection of open covers is considered, then the corresponding property coincides
with compactness of the subset in the topological space (X, uˆ) which is the topological modiﬁcation of (X,u). (The topology
in (X, uˆ) consists of all open sets in (X,u).) That compactness in (X,u) is not equivalent to compactness in (X, uˆ) can be
seen from Example 4 in [12], where u = clθ is the θ -closure operator in the digital line. (See also [14].)
We assume that the space (X,u) is not compact.
Let A and B be sets whose members are families of subsets of an inﬁnite set X . The selection principles S1(A,B) and
Sﬁn(A,B) were introduced in [15] in the following way:
S1(A,B) denotes the selection principle: for each sequence (An) of elements of A there is a sequence (bn) such that
bn ∈ An for each n ∈N and {bn | n ∈N} is an element of B.
Sﬁn(A,B) denotes the selection principle: for each sequence (An) of elements of A there is a sequence (Bn) of ﬁnite
sets such that Bn ⊂ An for each n ∈N and ⋃n∈N Bn ∈ B.
By varying the collections A and B in the above deﬁned selection principles, characterizations of the space (X,u) and
its hyperspaces are deﬁned.
When (X,u) is a topological space, all deﬁnitions considered in this paper coincide with the corresponding topological
ones. Interior covers are replaced with open covers denoted by O, the family of all open γ -covers is denoted by Γ and H
coincides with the family of all closed subsets of X .
The properties S1(O,O) and Sﬁn(O,O) for topological spaces are called the Rothberger and the Menger property re-
spectively.
The αi properties were introduced in [1] by Arhangel’skii. For A and B as above, the corresponding selection principles
αi(A,B) were introduced in [9] in the following way:
For each sequence (An) of inﬁnite elements of A there is an element B ∈ B such that:
α2(A,B): the set An ∩ B is inﬁnite for each n ∈N;
α3(A,B): the set An ∩ B is inﬁnite for inﬁnitely many n ∈N;
α4(A,B): the set An ∩ B is non-empty for inﬁnitely many n ∈N.
These properties were also investigated in [17]. The following implications follow directly from the deﬁnitions:
α2(A,B) ⇒ α3(A,B) ⇒ α4(A,B) and S1(A,B) ⇒ α4(A,B).
All notions not explained here concerning selection principles can be found in [7,10], while those concerning Cˇech closure
spaces in [3,11,14].
The following notations are used:
H = {u(A) ∣∣ A ⊂ X}, H∗ = H \ {∅}, J = Hc = {intu(A)
∣∣ A ⊂ X},
F(X) is the family of all non-empty ﬁnite subsets of X ,
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To the end Δ is a subcollection of H closed with respect to ﬁnite unions and containing all singletons. An interior cover U is a
Δ-cover of X if for every D ∈ Δ \ {X} there is a U ∈ U such that D ⊂ intu U holds. The collection of all interior covers U of
(X,u) will be denoted by I and of all interior Δ-covers by IΔ. Interior Δ-covers are also called δ-interior covers.
Interior F(X)- and K(X)-covers will be called ω- and κ-interior covers of X , respectively. IΩ stands for the collection
of all ω-interior covers of X and IK for the collection of all κ-interior covers.
The family of open Δ-covers of (X,u) is denoted by OΔ. For Δ = F(X) and K(X), we use the standard notations Ω
and K, and the covers are called ω- and κ-covers, respectively. (See [2].)
An interior cover U is a γ -interior cover [6,8,14] if it is inﬁnite and each x ∈ X (equivalently, each ﬁnite subset of X )
belongs to all but ﬁnitely many elements of U .
More generally, an interior cover U is a γδ-interior cover if it is inﬁnite and each D ∈ Δ \ {X} belongs to intu U for
all but ﬁnitely many elements of U . Since every (inﬁnite) countable subcollection of a γ -interior cover (respectively γδ-
interior cover) is again a γ -interior cover (respectively γδ-interior cover), we assume that all γ -interior covers (respectively
γδ-interior covers) are countable.
IΓ stands for the collection of all γ -interior covers of X, IΓδ for the collection of all γδ-interior covers.
A countable interior Δ-cover U of a space (X,u) is groupable [4,13] if there is a partition U =⋃m∈N Um into ﬁnite sets
such that for each D ∈ Δ\{X} and for all but ﬁnitely many m there is a U ∈ Um such that D ⊂ intu U holds. IΔgp denotes
the collection of all groupable δ-interior covers of the space.
A space (X,u) (respectively a subset A in (X,u)) is Δ-Lindelöf if every δ-interior cover of X (respectively of A) has a
countable δ-interior subcover.
Thus in a Δ-Lindelöf closure space we consider only countable δ-interior covers.
For a subset A ⊂ X the usual notations are A+ = {H ∈ H∗ | H ⊂ A} and A− = {H ∈ H∗ | H ∩ A 
= ∅}.
In the setting of Cˇech closure spaces we introduce new hyperspace topologies W+ and W− on the family H∗ , which are
appropriate generalizations of the corresponding Vietoris topologies.
The collection J + = {G+ | G ∈ J } is a basis for the topology on H∗ that will be denoted by W+ and called the general-
ized upper Vietoris topology.
By W− we denote the generalized lower Vietoris topology on H∗ deﬁned by the collection J − = {G− | G ∈ J }. Basis
elements are of the form G−1 ∩ · · · ∩ G−n where Gi ∈ J for 1 i  n, n ∈N.
For simplicity we also use the following notations:
Û = {(intu U )+ | U ∈ U} and U˜ = {(intu U )− | U ∈ U}, where U ⊂ P(X). Hence Û ⊂W+ and U˜ ⊂W− .
2. Properties of the space (H∗,W−)
We generalize the results for topological spaces given in [4] to the class of Cˇech closure spaces showing that (X,u) and
its hyperspace equipped with the generalized lower Vietoris topology share some covering properties.
Lemma 1. For a space (X,u) the following are equivalent:
(i) U is an interior cover of X ;
(ii) U˜ is an open cover of (H∗,W−).
Proof. (i) ⇒ (ii). For each H ∈ H∗ and an x ∈ H , there is a U ∈ U such that x ∈ intu U . Hence H ∈ (intu U )− ∈ U˜ .
(ii) ⇒ (i). For each x ∈ X , {x} ∈ H∗ implies there is a U ∈ U such that x ∈ intu U . 
Theorem 1. For a space (X,u) the following are equivalent:
(1) (X,u) satisﬁes the selection principle S1(I,I);
(2) (H∗,W−) has the Rothberger property.
Proof. (1) ⇒ (2). Let (Vn) be a sequence of open covers of (H∗,W−) such that each V ∈ Vn is a basis set of the form
G−1 ∩ · · · ∩ G−k , Gi = intu Ai ∈ J , 1 i  k, k ∈N. For such V denote U (V ) = A1 ∩ · · · ∩ Ak . Set Un = {U (V ) | V ∈ Vn}. Each Un
is an interior cover of X since x ∈ X implies {x} ∈ H∗ , thus there is a V ∈ Vn containing {x}. Hence, x ∈ intu A1 ∩· · ·∩ intu Ak .
By (1), there is a sequence (Un), Un ∈ Un , Un = U (Vn) for some Vn ∈ Vn , such that {Un | n ∈ N} is an interior cover of X .
The collection {Vn | n ∈N} is an open cover of H∗ as for each H ∈ H, x ∈ H implies there is m ∈N such that x ∈ intu Um =
intu(A1 ∩ · · · ∩ Ak) =⋂ki=1 intu Ai =
⋂k
i=1 Gi . Hence H ∈
⋂k
i=1 G
−
i ≡ Vm ∈ Vm .
(2) ⇒ (1). Let (Un) be a sequence of interior covers of X . By Lemma 1, (U˜n) is a sequence of W−-open covers of H∗ .
By (2), there is a sequence (Un), Un ∈ Un , such that {(intu Un)− | n ∈ N} is a W−-open cover of H∗ . Then {Un | n ∈ N} is an
interior cover of X since for each x ∈ X , {x} ∈ (intu Um)− if and only if x ∈ intu Um . 
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(1) (X,u) satisﬁes the selection principle Sﬁn(I,I);
(2) (H∗,W−) has the Menger property.
Proof. Follows by appropriate modiﬁcations of the proof of the previous theorem.
(1) ⇒ (2). Applying (1), there is a sequence (Wn) of ﬁnite subcollections Wn ⊂ Un such that ⋃Wn is an interior cover
of X . It follows that
⋃W˜n is a W−-open cover of H∗ . The corresponding W˜n ⊂ Vn , and for each H ∈ H∗ and an x ∈ H ,
there is n ∈N such that x ∈ intu W for some W ∈ Wn , where W = U (V ) = A1 ∩ · · · ∩ Am . It follows that H ∈⋂mi=1 G−i ∈ Wm .
(2) ⇒ (1). Applying (2), there is a sequence (W˜n) of ﬁnite subcollection W˜n ⊂ U˜n for each n ∈ N such that ⋃W˜n is
an open cover of H∗ . The corresponding Wn ⊂ Un form an interior cover of X since for each x ∈ X there is m ∈ N and a
V ∈ W˜m such that {x} ∈ V = (intu U )− for some U ∈ Um . For each V pick one such U = U (V ). The collection Wn = {U (V ) ∈
Un | V ∈ W˜n} witnesses that (X,u) satisﬁes the selection principle Sﬁn(I,I) . 
Lemma 2. For a space (X,u) the following are equivalent:
(i) U is a γ -interior cover of X ;
(ii) U˜ is a γ -cover of (H∗,W−).
Proof. (i) ⇒ (ii). Let H ∈ H∗ and x ∈ H . Then x ∈ intu U for all U ∈ U except ﬁnitely many. It follows that H ∈ (intu U )− for
all U ∈ U except ﬁnitely many, that is, U˜ is a γ -cover of H∗ .
(ii) ⇒ (i) is proved in a similar way. 
Theorem 3. For a space (X,u) the following are equivalent:
(1) (X,u) satisﬁes the selection principle S1(IΓ,IΓ );
(2) (X,u) satisﬁes the selection principle Sﬁn(IΓ,IΓ );
(3) (H∗,W−) satisﬁes S1(Γ,Γ );
(4) (H∗,W−) satisﬁes Sﬁn(Γ,Γ ).
Proof. (3) ⇔ (4) is Theorem 1.1 in [16]. By using the same construction we establish (1) ⇔ (2). It remains to prove
(1) ⇔ (3).
(1) ⇒ (3). Let (Vn) be a sequence of γ -covers of H∗ such that each V ∈ Vn is a basis set of the form G−1 ∩ · · · ∩ G−k ,
Gi = intu Ai ∈ J , 1  i  k, k ∈ N. As in the proof of Theorem 1, for such V denote U (V ) = A1 ∩ · · · ∩ Ak . Set Un =
{U (V ) | V ∈ Vn}. Each Un is a γ -interior cover of X since for each x ∈ X , {x} ∈ V if and only if x ∈ intu U (V ) =
intu A1 ∩ · · · ∩ intu Ak . By (1), there is a sequence (Un), Un ∈ Un , such that {Un | n ∈ N} is a γ -interior cover of X . The
corresponding collection {Vn | n ∈N} is an open γ -cover of H∗ .
(3) ⇒ (1). Let (Un) be a sequence of γ -interior covers of X . By Lemma 2, (U˜n) is a sequence of W−-open γ -covers
of H∗ . By (2), there is a sequence (Vn), Vn ∈ U˜n , such that {Vn | n ∈ N} is a γ -cover of H∗ . Each Vn = (intu Un)− for some
Un ∈ Un . By Lemma 2, {Un | n ∈N} is a γ -interior cover of X . 
3. Properties of the space (H∗,W+)
In this section some covering properties of the space (X,u) and its hyperspace with the generalized upper Vietoris
topology are discussed. We assume that Δ ⊂ K(X).
Lemma 3. For a space (X,u) the following hold:
(i) U is a δ-interior cover of (X,u) if and only if Û is an ω-cover of (Δ,W+).
(ii) U is a γδ-interior cover of (X,u) if and only if Û is a γ -cover of (Δ,W+).
(iii) U is a groupable δ-interior cover of (X,u) if and only if Û is a groupable ω-cover of (Δ,W+).
Proof. Follows from the deﬁnitions. 
We restate Lemma 5 and Proposition 2 of [14] for the topology W+ in the following way.
Lemma 4. For a space (X,u) the following is true: an open cover V of (Δ,W+) is an ω-cover if and only if U(V) is a δ-interior cover
of (X,u), where U(V) = {U ⊂ X | (intu U )+ ⊂ V for some V ∈ V}.
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(⇒) For each D ∈ Δ\{X} there is a V ∈ V and a basis set G+ such that D ∈ G+ ⊂ V . It means that D ⊂ G = intu U ⊂ X
and U ∈ U(V).
(⇐) For D1, . . . , Dn ∈ Δ the set D1 ∪ · · · ∪ Dn ∈ Δ, so there is a U ∈ U(V) such that ⋃ni=1 Di ⊂ intu U . There is a V ∈ V
such that (intu U )+ ⊂ V , hence {D1, . . . , Dn} ⊂ (intu U )+ ⊂ V . 
Proposition. A space (X,u) is Δ-Lindelöf if and only if the space (Δ,W+) is ω-Lindelöf.
Proof. (⇒) Let V be an ω-cover of (Δ,W+). By Lemma 4, U(V) is a δ-interior cover of (X,u). There is a countable
subcollection {Ui | i ∈ N} of U(V) which is a δ-interior cover of X . For each i pick Vi ∈ V such that (intu Ui)+ ⊂ Vi . By
Lemma 4 again, {Vi | i ∈N} is an ω-cover of (Δ,W+).
(⇐) Let U be a δ-interior cover of (X,u). By Lemma 3, Û is an ω-cover of (Δ,W+). Let {intu Ui)+ | i ∈N} be a countable
subcover. The collection {Ui | i ∈N} is as required. 
For Δ = F(X), respectively K(X) for a T2 space (X,u), in the previous three statements we get
Corollary 1.
(1) U is an ω-interior cover (respectively κ-interior cover) of (X,u) if and only if Û is an ω-cover of (F(X),W+) (respectively
(K(X),W+)).
(2) U is a γ -interior cover (respectively γκ -interior cover) of (X,u) if and only if Û is a γ -cover of (F(X),W+) (respectively
(K(X),W+)).
(3) U is a groupable ω-interior cover (respectively κ-interior cover) of (X,u) if and only if Û is a groupable ω-cover of (F(X),W+)
(respectively (K(X),W+)).
Corollary 2. An open cover V of (F(X),W+) (respectively (K(X),W+) ) is an ω-cover if and only if U(V) is an ω-interior cover
(respectively κ-interior cover) of (X,u).
Corollary 3. A space (X,u) is ω-Lindelöf (respectively κ-Lindelöf) if and only if the space (F(X),W+) (respectively (K(X),W+)) is
ω-Lindelöf.
Analogously to Theorem 22 in [14] and Theorems 3.5 and 3.6 in [4] we prove
Theorem 4. For a Δ-Lindelöf space (X,u) the following statements are equivalent:
(1) (Δ,W+) satisﬁes α2(Ω,Γ ),
(2) (Δ,W+) satisﬁes α3(Ω,Γ ),
(3) (Δ,W+) satisﬁes α4(Ω,Γ ),
(4) (Δ,W+) satisﬁes S1(Ω,Γ ),
(5) (X,u) satisﬁes S1(IΔ,IΓδ).
Proof. The space (Δ,W+) is ω-Lindelöf by Proposition. By Corollary 17 of [14], the equalities (1) ⇔ (2) ⇔ (3) ⇔ (4) hold.
(4) ⇒ (5). Let (Un) be a sequence of δ-interior covers of (X,u). By Lemma 3(i), (Ûn) is a sequence of ω-covers of
(Δ,W+). By (4), there is a sequence (Un), Un ∈ Un such that {(intu Un)+ | n ∈ N} is a γ -cover of (Δ,W+). Applying
Lemma 3(ii), the collection {Un | n ∈N} is a γδ-interior cover of X .
(5) ⇒ (4). Let (Wn) be a sequence of ω-cover of (Δ,W+). By Lemma 4, the corresponding U(Wn) form a sequence of
δ-interior cover of (X,u). Applying (5), there is a sequence (Un), Un ∈ U(Wn) such that {Un | n ∈ N} is a γ -interior cover
of X . For each n choose a W = Wn ∈ Wn so that (intu Un)+ ⊂ Wn . The collection {Wn | n ∈ N}, is a γ -cover of (Δ,W+)
since for each D ∈ Δ\{X}, D ⊂ Un for all but ﬁnitely many. 
Corollary 4. For an ω-Lindelöf space (X,u) the following statements are equivalent:
(1) (F(X),W+) satisﬁes α2(Ω,Γ ),
(2) (F(X),W+) satisﬁes α3(Ω,Γ ),
(3) (F(X),W+) satisﬁes α4(Ω,Γ ),
(4) (F(X),W+) satisﬁes S1(Ω,Γ ),
(5) (X,u) satisﬁes S1(IΩ,IΓ ).
M. Mrševic´, M. Jelic´ / Topology and its Applications 156 (2008) 124–129 129Corollary 5. For a κ-Lindelöf T2 space (X,u) the following statements are equivalent:
(1) (K(X),W+) satisﬁes α2(Ω,Γ ),
(2) (K(X),W+) satisﬁes α3(Ω,Γ ),
(3) (K(X),W+) satisﬁes α4(Ω,Γ ),
(4) (K(X),W+) satisﬁes S1(Ω,Γ ),
(5) (X,u) satisﬁes S1(IK,IΓκ).
Theorem 5. Let (X,u) be a closure space. If (Δ,W+) satisﬁes S1(IΩ,IΩ gp), then (X,u) satisﬁes S1(IΔ,IΔgp).
Proof. Let (Un) be a sequence of δ-interior covers of (X,u). By Lemma 3(i), (Ûn) is a sequence of ω-covers of (Δ,W+).
By assumption, there is a sequence (Un), Un ∈ Un for each n ∈ N, such that V = {(intu Un)+ | n ∈ N} ∈ IΩ gp(Δ,W+). Thus,
V =⋃m∈N Vm where Vm are ﬁnite, pairwise disjoint and each D ∈ Δ belongs to some (intu U )+ ∈ Vm for all but ﬁnitely
many m. Let Wm = {Un | (intu Un)+ ∈ Vm}. Then W =⋃m∈NWm is a groupable Δ-interior cover of (X,u) witnessing that
(X,u) satisﬁes S1(IΔ,IΔgp). 
Setting Δ = F(X), respectively K(X) for a T2 space (X,u), we get
Corollary 6. For a space (X,u) the following hold:
(1) If (F(X),W+) satisﬁes S1(IΩ,IΩ gp), then (X,u) satisﬁes S1(IΩ,IΩ gp).
(2) If (K(X),W+) satisﬁes S1(IΩ,IΩ gp), then (X,u) satisﬁes S1(IK,IKgp).
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